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Abstract 

We show that if A is a n-Koszul algebra and E = E(A) is its 
Yoneda algebra, then there is a full subcategory £e of the cat- 
egory Gte of graded Z?-modules, which contains all the graded 
iJ-modules presented in even degrees, that embeds fully faith- 
fully in the category C(GrA) of cochain complexes of graded A- 
modules. That extends the known equivalence, for A Koszul 
(i.e. n — 2), between Gte and the category of linear complexes 
of graded A-modules 

1 Introduction 

From the classification of coherent sheaves over projective spaces by Bernstein, 
Gelfand and Gelfand (see |S] or Koszul algebras have deserved a lot of 
attention. A systematic treatment of them was given in P^, where the authors 
showed the existence of an equivalence of categories between large subcategories 
of the graded derived categories of a Koszul algebra A and its (quadratic) dual 
A ! . They showed in addition that A ! is also Koszul and canonically isomorphic 
to the Yoneda algebra E = E(A) of A. Recently (cf. [!|]), the authors of 

*The first named author thanks CONACYT for funding the research project. The second 
one thanks the D.G.I, of the Spanish Ministry of Education and Science and the Fundacion 
" Seneca" of Murcia for their financial support 



2 



the present paper showed that there is an abelian version of the mentioned 
equivalences, valid for more general graded algebras. Namely, after defining 
A' for an arbitrary positively graded algebra A, we showed that there is an 
equivalence between the category Gta\ of graded A!-modules and the category 
CCa (resp. CC\) of linear complexes of projective (resp. almost injective) 
graded A-modules. In case A is Koszul, the equivalence of pp can be obtained 
from that by derivation. 

As a generalization of Koszul algebras, Berger ( 2 ) introduced n-Koszul 
algebras, where n > 1 is an integer. They form a class of n-homogeneous 
algebras which includes all Artin-Schelter regular algebras of global dimension 
< 3 and, in case n — 2, coincides with the class of Koszul algebras. If A is 
n-Koszul, then one also has a (n- homogeneous) dual algebra, still denoted A ! , 
from which the Yoneda algebra E = E(A) can be obtained by killing supports 
and appropriate regrading on A' (see pj). However, the existence, in the flavour 
of Uj], of an equivalence of categories between reasonably large subcategories of 
Gte and of the category C(GVa) of cochain complexes of graded A-modules is 
still unknown. The same lack of knowledge can be applied to the existence, in 
the flavour of pQ , of equivalences between reasonably large subcategories of the 
derived categories of graded modules over E and A. Such an equivalence exists, 
however, in the context of A^-algebras (cf. 

The aim of this paper is to present, for every n-Koszul algebra A and each 
integer m, an equivalence between a full subcategory Ce of Gte containing 
all the graded -E-modules presented in even degrees and a full subcategory y 
(depending on m) of C(GVa) (cf. Corollarv l4.6J) . Since E = A[, as ungraded al- 
gebras, where U = nZU(nZ + l), our strategy consists in showing an equivalence 
of categories between suitable subcategories of Gr A <^ and C(GVa) (cf. Theorem 
I4.3JI . which is valid for any graded algebra with relations of degree > n and 
from which the desired result follows easily. The proof of last theorem is based 
on some consequences of the results in [§] (see Section 2), on equivalences be- 
tween subcategories of Gr A < and GV A i which were given in jl(J| for arbitrary 
group-graded algebras, and on the transport of a torsion theory from Gr A < to 
the category „£Ca of linear n-complexes of almost injective graded A-modules 
(see Section 3). 

In this paper we borrow the terminology from [2j , with some concrete adap- 
tations. So the term positively graded algebra will stand for a Z-graded 
algebra A = (Bi^zAi such that Ai — 0, for all i < 0, Aq is isomorphic to a 
direct product of copies of the ground field K and dirriKAi <cc. The cate- 
gory of its right (resp. left) graded modules is denoted by Gta (resp. aGt) 
and the full subcategory of locally finite graded modules is denoted IfgrA (resp. 
Alfgr). Unless explicitly said otherwise, 'module' will mean 'right module'. No- 
tice that, in our situation, the graded Jacobson radical of A is J gr (A) = (Bi>oAi 
and an object T £ Gta is semisimple if, and only if, TJ gr (A) = 0. That 
allows, in particular, to identify the category MocLa with that of semisimple 
graded A-modules concentrated in degree 0. If M G Gta then the graded so- 
cle Soc gr {M), which is by definition the largest graded semisimple submodule 



of M, is given by Soc gr (M) = {x G M : xJ gr {A) = 0}. If X C Z then we 
shall say that M is generated (resp. cogenerated) in degrees belonging 
to X in case every nonzero factor (resp. subobject) of M in Gta has a sup- 
port which intersects X nontrivially. Also, we shall say that M is presented 
in degrees belonging to X in case it is the cokernel of a morphism in Gta 
between projective objects generated in degrees belonging to X . Notice that if 
j G Z and M is cogenerated in degree j, then Soc gr (M) = Mj. Recall also that 
the projective graded modules (i.e. the projective objects of Gta) are those 
in Add((Bk£zA[k]) , while the almost injective graded modules are those in 
Add(®k<£zD(A)[k]), where D = HomA {—,A ) \a Gr — ► Gta is the canonical 

contravariant functor, which induces by restriction a duality Alf9 r U9 r A 
(see H] for details). 

We have a finite quiver Q associated to A, uniquely determined by the 
existence of isomorphisms KQq = Aq and KQi = A\ (of if-algebras and KQq — 
KQq— bimodules, respectively), together with a structural homomorphism of 
graded algebras tta ■ KQ — ► A whose image is the (graded) subalgebra A of A 
generated by Aq © A\. When A = A (i.e. tta is surjective), we say that A is a 
graded factor of a path algebra. We shall use the letter A instead of A when 
we want to emphasize that the algebra is a graded factor of a path algebras. All 
tensors <E> in the paper are tensor over KQq = Aq. In general, if I = Ker(wA) 
then Ik = {x G I : x is homogeneous of degree k} is an Aq — Aq— sub-bimodulc 
of KQk, for every k > 0. We can consider the orthogonal C KQ°v (for our 
fixed n > 2) with respect to the canonical duality KQ°v <S> KQ n — > KQq — Aq 
(see 0). The graded algebra A- = KQ°p/ < 1^ > will be called the n- 
homogeneous dual algebra of A and we also put 'A = (A') op . If A = KQ/ 1 
is a graded factor of a path algebra, we shall say that it is n-homogeneous 
(resp. has relations of degree >n) when I is generated by /„ (resp. U fe >„ Ik)- 

2 Graded modules versus n-complexes 

In this section we extend the equivalences of from (2-)complexes to n- 
complexes. Recall that we have a canonical Z x Z-grading on A[X] by putting 
A[A](jj) = AiXi , in case i,j > 0, and AfXWj-) = otherwise. We refer to 
that paper to see the interpretation of the objects of Gta{x\ as pairs (P',d~), 
where P' G Gr\ and d' : P' — ► P' is a morphism in Gr\ of degree +1. We 
then denote by n CCA (resp. n CC* A ) the full subcategory of GrA[x] consisting of 
those pair (P',d ) (resp. (J',d')) satisfying the following two conditions: 

1. (P , d ) (resp. (/', d')) is a n-complex (i.e. d' £+ ' i ~ 1 o ... o d k+1 o d k = 0, for 
all fc G Z) 

2. P k (resp. I k ) is projective and generated in degree —k (resp. almost 
injective and cogenerated in degree — fc), for every fc G Z 

The objects of „£Ca (resp. „£C^) will be called linear n-complexes of 
projective (resp. almost injective) graded A-modules. We shall denote 



by n £,CA (resp. n £c A ) the full subcategory of u £Ca (resp. n C-C A ) consisting 
of those (P',d) (resp. (I',d')) such that P k (resp. I k ) is finitely generated 
(resp. finitely cogenerated) , for all k G Z. We then consider the fully faithful 
embddings ^a^a -kq Gr — > GrA\x\ given in J9f [Theorems 2.4 and 2.10]. We 
refer to that paper for their explicit definition, which we shall freely use here. 



Proposition 2.1. Let A — (Bi>oAi be a positively graded algebra with quiver Q 
and A be its n-homogeneous dual. Then = ^a -kq Gr ► GrA[x] induces by 

restriction equivalences <aGt — GrA' —*n C-Ca and 'A^f9 T = U9 r A' ~~~*n £-ca- 
Proof. By the proof of [Sj [Theorem 2.4], we know that if? establishes an equiv- 
alence of categories kqGt CQ a, where HQ a is the full subcategory of 
GrA[x] consisting of those objects (P',d ) such that P k is a projective object 
of GrA generated in degree — k, for all k E Z. We only need to prove that if 
M Ekq Gr = Gr K Qop and *(M) = (P',d ), then M -1.^=0 if, and only if, 
(P',d ) is a n-complex. 

We consider the canonical if-algebra homomorphism tta ■ KQ — > A whose 
kernel is I. It is convenient in the rest of this proof to view graded left KQ- 
modules as graded right KQ op -modules. On one hand, ip(M) is a cochain 

d k d k + n ~ 1 

n-complex iff the composition Mk <8> A[k] — > Mk+i (8> A[k + 1]... — ► Mk+ n <8> 
A[k + n] is zero, for each fixed k E Z. But that is equivalent to say that 
^fc+n-i Q ^fc vanish on Mk = Mk ® Aq. Direct calculation shows that 
^fe+n-i o ... o d fe )(x) = X) P eq„ X P° ®Pj f° r au ^ G -^fcj where p = ~ka(j>)- Our 
goal is to show that this latter sum is zero for all x E Mk iff Mk -1^ = 0. To 
do that we consider an ordering of Q n = {pi, ...,p r , ...p r +s, ■■■Pr+s+t}, where i) 
{pi, ...,p r } is a basis of KQ n modulo /; ii) {p r +i, ---Pr+s} gathers the remaining 
p € Q n which do not belong to /; iii) {p r+s+ i, ...p r+s+t } gathers the p E Q n 
which belong to I. Since ^ ^Aipj) 6 A" = when j = r + 1, r + s, 

we have uniquely determined linear combinations pj — J2i<i< r ^ijPi belonging 
to /, for j = r + 1, r + s, which can be taken with the property that =/= 
implies that pi and pj share origin and terminus. Those linear combinations 
together with the Pj, with j = r + s + 1, ...,r + s + t, form a basis of /„. 
By canonical methods of Linear Algebra, a basis of is then given by the 
elements of the form hi = p° + X itr+ ip° +1 + ... + X itr+S p° +S (i = 1, r). Now 
we have (d^™" 1 o ... o d k )(x) = Ei< l <r+ s +t ^P? ® Pi = J2i< t < r x P° ® Pi + 
Er+K^r+s X P° ® (Ei<,< r AyPi) (notice that, for r + s + 1 < z < r + s + f , the 
summand xp° <8> pi is zero because pi El). We can write the last summatory as 

El<Kr X (P° + E r+ Kj< r+S ^jPj) ®Pi = El<Kr xh i ® Pi- The fact that {Pi : 

i = 1, r} is a /^-linearly independent subset of A n easily implies that the last 
summatory is zero in Mk+ n <8> A n iff xhi = for i = 1, r. This is equivalent 
to say that Mk • J„ = and we are done. □ 

If the above result completes 9 [Theorem 2.4], the following one completes 
[Theorem 2.10]: 

Proposition 2.2. Let A = (Bi>oAi be a locally finite positively graded algebra 
with quiver Q and A~ be its n-homogeneous dual. Then v = va -kq Gr — ► 



GrA\x] induces by restriction equivalences i^GV — Gr^' — > n £-C*a an ^ 'A^f9 r = 
IfgrA' Cc* A . 

Proof. Let 7r : KQ — ► A be the canonical homomorphism of graded algebras 
whose kernel is /. Again, we view the graded left iTQ-modules as right KQ op - 
modules. We need to prove that if N £ GrKQ°p then v(N) is a cochain n- 
complex iff iVfe-/„ = 0, for all k £ Z. Wc have that v(N) is a cochain 71-complex 

d k 

iff the composition TLorriA {A, N k )[k] — > HomA (A, N k +i)[k + 1]... 

d k+n ~ 1 

— ► 7iomA {A, N k+n )[k + n] is zero, for all k £ Z, iff its — (k + n.)-component 
HomA (Ai,Nk) —> HomA Q { A n-i,N k+ i) —> ... —> Hom Ao (A a , N k+n ) = 
iVfc+ n is zero, for all k £ Z. The latter happens iff X) P eQ„ f(P)P° = 0, for all 
/ G HoniA (A n , N k ), where p = 7r(p). Since A\ — A\ ■ A\... ■ A\ is a direct 
summand of A n in MocLa and p £ A™, for all p £ Q n , we get that v(N) 
is a cochain n-complex iff J2 P eQ n f(P)P° = 0> f° r au / £ Hom,A (A 1 }, N k ). 
Now we choose an ordering of Q n = {pi, ...,p r , ...p r + s , ...p r + s +t} with the same 
criterion as in the proof of Proposition ^. II Then {pi , . .., p r } is a basis of A" and 

we have E peQn /(p)i>° = Ei<K r /(PtK + Er+i<i<r+ s /(Ei<K r *ij'PiK = 
Ei<,<r f(Pi){v° + E r +i<j<r+ s A *jP°) = Ei<K r /[pi)/**, for every 
/ £ Hoitia (A™ , iVfc), with the same terminology of the proof of Proposition l2~Tl 
On the other hand, the Ao-homorphisms A" — ► iVfc of the form ) : a — ► 

xp*(a), with i = 1, ...,r and x £ N k , generate HomA (A™, N k ) (see ;9 [Remark 
2.1]). But, for / = xpl(-), we have ^ 1<1<r f(pi)hi = xh s . Consequently, v(N) 
is a n-complex iff xh s — 0, for all s = 1, .., r and x G iVjfe, that is, iff Nk ■ I„ = 
for all fc G Z. That ends the proof. □ 

The reader is invited to extend to general n-homogeneous algebras results 
like the equivalence of assertions 1, 2 and 5 in [S] [Corollary 3.4] and of assertions 
1 and 2 of 9 [Corollary 3,5], which were given there for quadratic algebras. 



3 Transport of a torsion theory 

We know from ^U] that if A = ffiigzAi is a Z-graded algebra and S C Z is any 
subset, then T$ = {M £ GrA ■ Ms — 0} is a hereditary torsion class closed 
for products in GrA- The following is a handy way of identifying its associated 
torsionfree class. 

Lemma 3.1. Suppose that A = (5i>oAi is positively graded, generated in degrees 

0,1 and Aq is semisimple. If S C Z is not upper bounded then, for a graded 

A-module M = © M n , the following statements are equivalent: 
nez 

1. M is T- torsionfree, where T = Xs 



2. Hom GrA (A [-m], M) = 0, for allm£Z\S 



Proof. 1) => 2) is clear 

2) ==> 1) Notice that every morphism Aq[— m] — > M in Gr^ is given 
by left multiplication by an element x £ annM m (Ai). Hence the hypothesis 
is equivalent to say that annM m (Ai) — 0, for all m £ Z \ S. Recall that 
Supp(t(M)) CZ\S. If t(M) ^ ( equivalently Supp{t(M)) ^ 0) and m G 
Supp(t(M)), then we pick up i £ t(M) m \ {0} . By assumption xAi ^ which 
implies that t{M) m+ \ ^ and, hence, that m + 1 £ Supp(t(M)). By recurrence 
we get that the interval [m, + oc) is contained in Supp(t(M)) CZ\S, But that 
contradicts the fact that <S is not upper bounded. 

□ 

Throughout the rest of the section A = ©j>oAj is a graded factor of a path 
algebra (see section 1). We want to transfer the results of ^U] (f° r A = A : ) 
from Gr A i to „£G A and „£G A via v and \P. We refer the reader to ^U] f° r 
the definition and terminology about ring-supporting subsets and right modular 
pairs of subsets of a group. Here we shall fix a modular pair (S, IA) — (m+lA, IA), 
with IA = Ufcez[^ n i kn + r] and m £ Z, where n > 2 and < 2r < n, with strict 
inequality 2r < n in case n > 2. Then, in case 2r = n = 2, we have S = U = 
Z = (S :U). In any other case, we have (S :U) = m + (U :U) = m + riL. 

Lemma 3.2. Lei /' = (/', d') £ n CC\ be a linear n-complex of almost injective 
graded A-modules and let M £ Gr A i be such that I — v\(M). The following 
assertions hold: 

1. M £ T = Ts if, and only if, 1° = for all j £ S = Ufcezl m ~'~^ n ' m+kn+r] 

2. M is T-torsionfree iff Hom GrA (D(A)[j], Ker{d')) = for all j S 
3- If < 2r < n then the following conditions are equivalent: 

a) M is generated in degrees belonging to (S : IA) = m + nZ 

b) The differencial d J : P — > P satisfies that (Imd^ 1 )-^ = 
(P ) _j for all j ^ m ( mod n ) 

c) Soc 9r (P) C Im(d : '~ 1 ), for all j ^ m (mod n). 

Proof. By definition of v, we have P — Ti.om^ (A, Mj)[j] and, hence, assertion 
1 follows. The equivalence v takes Ao[— j] onto the stalk n-complex D(A)[j] (at 
the position j). Then, using Lemma |3.1I we have that M is T-torsionfree if, 
and only if, there are no nonzero morphisms /' : D(A)[j] — > T in „£G A , for all 
j ^ 5. But such a morphism is completely determined by the induced morphism 
in Gr\ f : D(A)[j] — > Ker{d?). Therefore M is T-torsionfree if, and only if, 
HomGr A (D(A)[j], Ker^)) = 0, for all j g" S, which proves assertion 2. 

On the other hand, since the algebra A ! is generated in degrees 0, 1, it is 
easy to see that M is generated in degrees belonging to (S : IA) = m + nZ 
if, and only if, the multiplication map Af,_i ® A^ — > Mj is surjective, for 
all j m + nZ. By using adjunction, that is equivalent to say that the 
— j-component Hom\ (Ai, Mj_i) — > Mj of the 'differential' d J : P = 



Wotoa (A, Mj-\)\j — 1] — > Hom,A (A, Mj)[j] = P is surjective for all j ^ to 
(mod n). Then the equivalence of conditions a) and b) in 3) follows. The 
equivalence of b) and c) is clear since Soc gr (P) = (P)-j, for all j E Z. □ 

Recall from JHj that Q(S,U) is the full subcategory of Gta with objects 
those M E Gta which are T-torsionfree and generated in degrees belonging to 
(iS : U). We have the following: 

Proposition 3.3. Let T = T$ be the hereditary torsion class in Gr^\ defined 
by S = Ufcez [ TO + ^ n > m + + r] . The following assertions hold: 

1. T* = v\(T) is the hereditary torsion class of n LC\ consisting of those 
I E n CC\ such that P = 0, for all j E S 

2. The functor v = Gr^. — > Gr^ X ] induces a commutative diagram: 



Q{SM) 



pr. 



T 



G*(S,U) 



ice; 



pr. 



n cc* A 



where the vertical arrows are equivalences of categories and the composi- 
tions of horizontal arrows are fully faithful embeddings. Here Q*{S,U) = n 
CC\, when 2r = n = 2, and is the full subcategory of n LC\ consisting of 
those T E n £C\ satisfying conditions a) and b) below, when < 2r < n: 

(a) Hom G r A (D(A)\j},Ker((P)) = 0,. for all j E' S 

(b) Soc 9r {P) C Im(d j - 1 ), for all j^m (mod n) 

Proof. In case 2r = n = 2 we have Q(S,U) — Gta and the result follows from 
9 [Theorem 2.10]. If < 2r < n then the result follows from Proposition 12.21 
Lemma E21 and [TOj [Theorem 2.7]. □ 



4 From n-complexes to (2-) complexes 

In this section we consider the case r = 1 of Section 3, i.e., the modular pair is 
(S,U) = (m+L(,U), where U ~ rtZU(nZ + l) and to E Z. We want to pass from 
n-complexes to (2-)complexes via the appropriate contraction. We will consider 
parallels of the canonical contraction (see, e.g., and @]). Let C(GrtC) be the 
category of (2-)complexes of graded A-modules. The unique strictly increasing 
function S m —: <5(s,,„) : Z — > Z such that S m (0) — m and Im(S m ) = S is given 
by 5 m (2k) = m + kn and d m (2k + l) = m + kn+1, for all k E Z (cf. 10 [Lemma 
4.9]). Hence, S m (j) = to + 5(j) for all j E Z, where S = 5(u.o) is the map used, 



for instance, in 0. We have an obvious additive functor H — H m : n CC A — ► 
C(Gr A ) defined as follows. We take H{T) = T where I k = jM*), for all k G Z 
and, as differentials, J 2j = d m+jn : = I m+jn — > I m +i n + l = pJ+i and 

J2j + 1 _ ^m+(j+l)n-l Q ^ Q ( jm+jn+l . j2j + l _ jm+jn+1 } jm+{j+l)n _ /2j+2 

The objects in the essential image of H will be called 77-liftable. 
The following observation is trivial, but very useful. 

Remark 4.1. Let A — ®i>oAi be a positively graded algebra generated in de- 
grees 0, 1 and (S,14) as above. If M,N G GrA u and f = (fi ■ Mi — ► A^)igz *s 
a family of morphisms in ModA , then the following assertions are equivalent: 

1. f is a morphism in Gr a u 

2. f(xa) — f(x)a, for all x G Mi and a G A\ U A n , where i G Supp(M) 

Proof. It is a straightforward consequence of the fact that, as an algebra, Au is 
generated by A , A\ and A n □ 

Proposition 4.2. The functor H = H m : n CC A — > C[Gr A ) is an exact functor 
having the following properties: 

1. Ker(H) — Tg =: T* and H induces a faithful functor — > C(Gr A ) 

2. The composition Q*(S,U) ^-> n CC A — > C{Gr A ) is a faithful functor 
whose essential image consists of those H-liftable complexes (T ,d ) satis- 
fying condition a) below, in case n = 2, or both conditions a) and b), in 
case n > 2: 

(a) P is almost infective and cogenerated in degree —S m (j)> for all j G Z 

(b) Soc ar (I 2j+1 ) C Imffi), for all j G Z 

3. When A has relations of degree > n, the composition Q*(S,U) <— CC A — '■ 
C{Gr A ) is also full 

Proof. If n = 2 then T* = 0, Q*{S,U) = CC* A and H is the composition CC* A ^ 

C(Gr A ) C(Gr A ), where ? [m] is the canonical shifting of (2— )complexes. 
Then the functor if is a fully faithful embedding and the three assertions triv- 
ially hold in this case. 

We assume in the rest of the proof that n > 2. The exactness of H and the 
fact that Ker(H) = T* are clear. In order to prove property 1, we consider a 
morphism /' : I — ► J' in n CC A and will prove that H(f ') — iff /' is the zero 
morphism in the quotient category " T , A . To see that, using the equivalence 

of categories v = v A : Gr A < -^>„ CC\ (cf. Proposition 12. 2f) . we have uniquely 
determined objects M, N and morphism g : M — ► N in Gr A < such that I = 
v(M), J' = v(N) and /' = v(g). One readily sees that H(f) = iff the 
functor (— )s ■ Gr A < — > Gtk maps g onto zero. But, by |T0 [Proposition 2.1], 



that happens iff g is the zero morphism in the quotient category 



T = Ts- But, by Proposition ED we have that g — in iff / = in 



Gr 
T 



where 



On the other hand, aiso by Proposition 13.31 the composition Q*{S,U) ^ 

pr £(7* 

CC* A -» n ,t-„ A is fully faithful. That together with the above paragraph give 

„ CC'X — > C{Gta) is a faithful functor. By 



that the composition Q*(S,U) — r n 
definition of Q*(S,li), we readily see that if (j-,d') is the image of (I',d) £ 
0*(S,W) by F, then (7m(J 2 J ; ))_ m _ in _i - (7 i W+ 1 )_ tB _ in _i for all j £ Z (i.e. 
S*oc sr (/ 23+1 ) C Im(d 2j )). Conversely, suppose that (/-, d ) is an iJ-liftable (2- 
) complex satifying conditions a) and b) of the statement of the proposition. 
We first choose J' 6„ £Ca such that H(J') — I . Then we have a unique 
M G GVjy such that u(M) = J'. Now condition b) translates into the fact 
that (Im(d m+jn ))- m -jn-i = (J m+jn+1 )- m - jn -i, for all jeZ (here & is 
the 'differential' of the n-complex J ). Bearing in mind 9 [Lemma 2.9] and 
the definition of u, that means that the multiplication map M m+ j n ® A\ — > 
M m+ j n+ i is surjective, for all j G Z. From that we get that if M' is the graded 
A ! -submodule of M generated by M m+n z, then Supp(M r ) C Z\S, so that jp- G 



T and, hence, M 



M' 



M' 



^ in Gr A! /T. Then J' = v{M) - 
We take J = v{J^r) and have that H(F) = f . Since M ' 



we conclude that I G Q*(S,U) as desired. 

We next prove assertion 3 assuming that the relations for A have degree 
> n. Take I',J' G Q*(S,U). Then we have uniquely determined M,N G 
<7(S,W) such that w(M) = 1 and u(JV) = J'. Let / : #(/) — > H(J ) be a 
morphism in C(Gr\). Then we get morphisms f s : I s = Tiom\ (A, M s )[s] — ► 
Hom,A (A, N s )[s] — J s in Gr\, for every s G <S = (m + "Z) U (m + 1 + raZ), 
making commute the following diagrams: 



jm+(fc-l)n+l 



jm+(fe-l)n+l 



jm-\-kn 



J" 



jm-\-kn-\-l 



jm-\-kn-\-l 



where cP 1 1 means the composition of n — 1 consecutive 'differentials' of 
By 9 [Lemma 2.8], that gives uniquely determined morphisms in Mod\ g s : 
M s — > N s , for every s G (m+nZ)U(m+l+nZ), such that f s = Wom(A,g s )[s]. 
The commutativity of the above diagram translates into the commutativity of 



the following diagrams, for every fceZ: 



ffOTOAo(A n _i,M m+ (/j._i) n+ i) M m+ kn 



ffomAo(An-i,iV m+ ( fc _i) n+ i) rf „_f N m+kn 



Hom\ {K u M m+kn ) 



HorriA (Ai,M m+fcn ) 



m+A:n+l 



where cf l_1 (/i) = S P eQ„-i and d ( h ) = J2 a eQi M")"". respectively. 

Now we consider the obvious adaptation of |§] [Lemma 2.9], which is also true 
replacing Qi by Q n -i due to the fact that A\ = KQ° P for < i < n. 
Then the commutativity of the last two diagrams is equivalent to say that 
g(xa) — g(x)a whenever a € U A^_j and both deg(x) and deg(xa) belong 
to S = (to + nZ) U (to + 1 + nZ). If now a £ A^ and a; £ M m+ fc„, then we 
have a = Y^i a iPii where a, £ A ! x = KQ° P and $ e = KQ° P __ 1 . Then 

g(xa) = ^ g(x(aiPi)) = Y^i g((x<Xi)/3i). Now deg(xcti) = m + kn + 1 6 5 and 
the upper diagram above gives ^ <7((a;ai)/3i) = J2i 9{ xa i)(3i, while the lower di- 
agram gives that the latter expression equals Y2ii9{ x ) a i)@i) = J2i 9( x )( a iPi) = 
g{x) otiPi = g{x)a, using the associative property of the ^-module N . One 
can proceed in an analogous way when x <G M m+ k n +i and a € A^, but taking a 
decomposition a — YliPilii where (3i £ A„_ x = KQ op _ 1 and ji G A^ = KQ op . 
According to Remark |4.1I we conclude that g : Ms — ► N$ is a morphism in 
Gta u - Since, by definition, both Ms and Ns are liftable with respect to {—)s 
and generated in degrees belonging to (S Theorem 2.7 of ^U] tells us that 
there exists a unique morphism 7/ : M — > AT in Gr A i such that 77s = g. It is 
now a mere routine to check that / = v(rj) : I' — > J' is a morphism in n >CC^ 
such that H(f) = f. 

□ 



We can now put together all the pieces of the puzzle. Recall from [EJ that 
if X G Gr A . , with Supp(X) C 5, and 1 : X m+ kn ® Aj — ► X m+ fe„ + i 



and /j 



m-\-kn,ln 



■ Xr, 



Al 



m+(fc+l)n 



are the multiplication maps, then, 



working within the right A' -module X m+n z (8 A', it makes sense to consider 
K er(/i m +fe„ ) i)A^_ 1 , which is a Ao-submodule of X m+ k n <8> A^. We now have: 



Theorem 4.3. Let n > 2 be a positive integer and consider the subsets 14 = 
nZ U (nZ + 1) and S = m + 14 , where m G Z. Let us assume that A is a graded 
factor of a path algebra with relations of degree > n. There is an equivalence 
between the following categories: 

1. The full subcategory C(S, U) o] Gr A ^ with objects those X which are gener- 
ated in degrees belonging to (S : 14) and satisfying that Ker(/j m+ k n . i)A-' n ~i ^ 
Ker{p m+kn . n ), for all k G Z 

2. The full subcategory y(S, 14) of C(Gr\) whose objects are the H m -liftable 
(2-)complexes (T,d~) satisfying contition a) below, in case n — 2, and both 
conditions a) and b), in case n > 2: 

(a) I J is almost injective and cogenerated in degree —5 rn (j), for every 

jeZ 

(b) Soc gr (L 2l+1 ) C Im(d 2j ), for all jeZ 

Moreover, C(S,14) contains all the graded An -modules presented in degrees be- 
longing to (iS : 14) . 

Proof. In case n = 2 everything is trivial, and is actually a shifting version of the 
equivalence Gr^< CC^ of |Hj [Theorem 2.10]. Indeed instead of the functor 

v = v\ there given, ours here is the composition Gr A < -—> C{Gr\) — 1 C(Grjy). 

For the case n > 2, notice that (S : 14) = m + nZ. From Proposition 13.31 
Proposition 14.21 and 10 [Theorem 2.7] we get the following diagram, where all 
the thick arrows are equivalences of categories: 

Q(s,u) — s?— g*(s,u) 



Hi 



H 



c{s,u) ~* y{s,u) 

Then the squig arrow making commute the diagram is also an equivalence. 

□ 

Remark 4.4. 1) We make explicit, in case n > 2, the definition of the equiva- 
lence C(S,14) y(S,l4). Assume that A = -^2, where L is generated by p C 



LIi>n KQi- Then A ! = <?±Z ■ If X G C(S,U), then we have a morphism of A 



o- 



modules^ = £ fe : X m+kn+1 ^A ] n _ 1 = X m+ k n+ i ^KQ ^ — ► X m+ ( fe+1 )„ defined 
as follows. Any element of X rn+kn+ i ® KQ°J'_ 1 can be written as J2 p ^q _ 1 
p° , for uniquely determined x p G X m -^kn+i^t(p) > where e% denotes the idempo- 
tent of KQq corresponding to the vertex i G Qq. Since X m+k n+i = X m+kn A\ — 
Xm+knKQT' we can write x p as x v = EaeQi,o(Q)=t( P ) x a . p a°. Then we put 



defined follows from the inclusions Ker(fi m +kn,i)^n—i — -^ er (/ i ™+fcn,n) given 
by the theorem. We put then I 2 i = 7iomA (A, X m ±j n ) [m + jn] and I 2 i +1 = 
7tomA (h-, X. m+ j n+ i)[m + jn + 1], /or aZ/ j G Z. TTie differential d 2 ^ is com- 
pletely identified by the map Hom\ (Ai, X m+ j n ) — ► X m+ j n+ i which takes f ~~> 
^2aeQi f( a ) a ° an d the differential d 2 ^ 1 : I 2 i +1 = HomA„(A, X m+ j n+ i)[m + 
jn + 1] — ► HomA (A-,X m+ (j +1 ) n )[m + (j + = I 2 ^ +2 is completely iden- 
tified by the map Hom A „ (A n _i, X m+jn+1 ) = Hom Aa (KQ n -i, X m+jn+1 ) — > 
X m +(j+i) n which takes f ~-> 2peQ„_i f(/(p) ®P°)- H * s a ?^ere routine to 
check that the equivalence given by last theorem takes X onto the here defined 

2) If, instead of taking the functor v = va of Proposition as basis of 
our arguments, one takes the functor ^ — ^a of Proposition ]^. 1\ then one gets 
results dual to those in sections 3 and 4- In the case of locally finite graded 
modules, we can alternatively see that by using the canonical duality D. Indeed, 
we have D(N <g> A) = Tiom\ (A, N), for all N G mod\ , and then the com- 
mutativity of the following diagram follows, where va is taken for graded left 
A' -modules: 



'Ifgr 



va 



D 



D 



ifg^A' — Wa *" ™^ CA 

We make explicit, without proof, the dual of Theorem \4-S\ leaving the rest 
for the reader. 

We have a canonical additive functor G = G m : n CCa — > C(GrA) denned 
as follows. If (P',d) G„ CCa then its image by G is (P',d ), where P J — 
p-S m (-j) an d the differentials are d 2 ^ 1 = rf-wi+in-i . p2j-i = p - m +j n -l — „ 

p-m+jn _ p2j an( j J2j _ ^-m+(j+l)n-2 Q Q rf-m+nj . p2j _ p-m+jn y 

p - m +(j+i)n-l = p2j+i ; for ajj j e z Xo gtate the desired dual, for every 
X G Gr A i^ with Supp(X) C —5 = (— m + nZ) U (— m — 1 + nZ), we consider 
the comultiplications A S;U : X_ s _ u — > ® A'Q U , for all (s, u) G {S,U), such 
that s + u 6 5 and u > 0. By definition, one has A SiU (x) = J2 P £Q x P° ® Pi 
where p° is the image of p° by the canonical projection KQ°p -» A u . We are 
now ready to state the dual of last theorem. 

Theorem 4.5. Let n > 2 be a positive integer and and consider the subsets 
U = nZ U (nZ + 1) and S = m + U, where m G Z. Let ms assume that A 
is a graded factor of a path algebra with relations of degree > n. There is an 
equivalence between the following categories: 

1. The full subcategory C°{S,IA) of Gr A i with objects those X which are 



cogenerated in degrees belonging to — (S : hi) and satisfy that the following 
diagram in Mod^ Q can be completed for all k £ Z: 



m— (k+l)n 



X- m -kn ® KQ, 



X-rn-kn-1 <8> KQ n -\- 



A<£> 1 



,8. The full subcategory Y°{S,U) ofC{Gr A ) whose objects are the G m -liftable 
(2-)complexes (P',d') satisfying condition a) below, in case n = 2, and 
conditions a) and b), in case n > 2: 

(a) P J is a projective graded A-module generated in degree S m (—j), for 
every j G Z 

(b) (Kerd 2 ^ 1 ) C P 2 ^ 1 ■ J9 r (A), for all k S Z 

In case A is a n-Koszul algebra with Yoneda algebra E — E(K) we know 
from 0[Theorem 9.1] (see also A [Proposition 3.1]) that there is an algebra 

isomorphism <p : E — ^ Ajj, which we fix from now on, such that tp(Ej) = AL.n, 
for all j G Z. We see it as an identification and, abusing of notation, we write 
Ej = A^n, for all j G Z. Hence, if V G GrE, we have multiplication maps 

M2fc,i : V 2 k ®Ei= V 2k ® A[ — > V 2k +i and fj 2 k,2 ■ V 2k <8> E 2 = V 2k ® A ! „ — *• 
V 2 k+ 2 and we can take Ker(fj, 2 k,i)A' n _ 1 , which is an Ao — Ao— sub-bimodule of 
V 2 k <£> A„ = V 2 k ® E 2 . We then have the following consequence of Theorem 14.31 

Corollary 4.6. Let n > 2 be a positive integer and consider the subsets U = 
nZ U {riL + 1) and S = m + U , where m € Z. If A — ©j>oAj is a n-Koszul 
algebra and E is its Yoneda algebra, then there is an equivalence between: 

1. The full subcategory Ce of GrE, which, in case n = 2, coincides with GrE 
and, in case n > 2, has as objects those V G GrE which are generated in 
even degrees and satisfy that Ker{fl 2 k t i)A n _ 1 C Ker(jj, 2 k t2 ), for all k G Z 

2. The full subcategory y(S,U) ofC(Gr\) defined in Theorem \4-S\ 
Moreover, Ce contains all the graded E -modules presented in even degrees. 

Proof. In case n = 2, one has E = A ! , Ce — GrE and y{S,U) is the full 
subcategory of C(Gr\) consisting of those complexes (I',d) such that P is 
almost injective and cogenerated in degree —m — j, for every j G Z. The 
desired equivalence of categories is then the composition of the equivalences 
v A : Gr E = Gr A > CC\ and ?[m] : CC\ y(S,U). 



We next assume n > 2. Then, from |1(J| [Theorem 2.7, Corollary 4.10 and 
Remark 4.11] we get equivalences of categories Ce — Q(S,U) = C(S,U) and, 
using Theorem ED also an equivalence C(S,U) = y{S,U). 

□ 

Example 4.7. Let us take a positive integer n > 2 and consider the truncated 
algebra A = KQj < Q n >, so that A is n-Koszul and A ! = KQ op . We give 
the equivalence of last corollary when m = (i.e. S = hi = nZ U (rtZ + I)). 
Then, as ungraded algebras, E = Ay = (KQ op )u. The classical grading of 
E is given by assigning degree 1 to the a° G Q\ and degree 2 to the p° G 
Q° n . Then the subcategory Ce consists of those V G Gr^ which are gener- 
ated in even degrees and satisfy that if ^2 ae q 1 x a a° — 0, for a family of el- 
ements (x a ) in Vij, then '^2 a& Q 1 x a {a°q°) = for all q G Q n -i- Using Re- 

mark \J^}[ l)we then get that the equivalence Ce — 4 y(JA,U) maps V onto 
the cochain complex (T,d ) defined as follows: i) I 23 = H.om& (A, V<y)[jn] 
and I 23+1 = TComA (A,V2j+i)[jn + 1], for all j G Z; ii) the differentials 
I 2j = Hom Ao (A,V 2j )[jn} — » Horn A „( A, V 2j n + 1} = P 3+1 and I 23+1 = 
HorriA (A, Vzj+i ) \jn + 1] — > HomA (A, V2j+2)[(j + 1)"-] = I 2j+2 are defined 
by the formulas d{f)(a) = EaeQi f( aa ) a ° and d{g){a) = E P eQ„_ 1 9(ap) • P°, 
for all a G A i; f G £ZomA (A i+ i, Vy) and g G iiomA (A i+n _i, V^+i). I7ie 

last multiplication ■ : V~2j+i ® A\ l _ 1 ► V2j+2 is given by {^2 a<£ Q 1 x a a°) ■ 

P° = J2aeQi Xa ( a °P°) = SaeQi x a (pa)°, for all p G Q n -i and all x = 
SaeQi x aO° G X 2 j+\, where the x a belong to X 2 j. 

If M G lfgr\ we shall say that M is n-coKoszul when it is cogenerated in 
degree and its minimal (almost) injective graded resolution T M satisfies that 
I 3 is cogenerated in degree —S(j), for every j > 0, where 5 = 5q. In particular, 
I M satisfies conditions a) and b) of Theorem 14.31 for m — 0. It is easy to see 
that the assigment M ~* I M yields a fully faithful embedding of the category 
/C°(A) of n-coKoszul A-modules into C{lfgriC). We denote by IC n (A) the full 
subcategory of \lfgr formed by the n-Koszul modules. It would be interesting 
to have an answer to the following question: 

Question and Remark 4.8. Let A be a n-Koszul algebra (n > 2). Which are 
the n-co-Koszul modules M such that L M is Ho-liftable (and, hence, belongs to 
y(U,lA))?. If we denote the corresponding full subcategory oflfgr\ by 1C° H {A), 
then its image by the canonical duality D : lfgr\ — >a Ifgr, which we denote 
K-g(A), consists of those (locally finite) n-Koszul modules whose minimal graded 
projective resolution is Go-liftable (see Theorem \4--5\j - Now, going backward 

____ 

in Corollary \4-b\ we get a contravariant fully faithful embedding Kg (A) — > 
K° H {A) >— > Ce > Gte which takes indecomposable projective graded A-modules 
onto simple graded E-modules and simple graded A-modules onto indecomposable 
projective graded E-modules. The last assertion follows from '^[Section 3], 
where the authors prove that the minimal projective resolution of Aq in A Gr is 
obtained by contraction of the Koszul n-complex, and is thereby G-liftable. 
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